Thermoacoustic instabilities are characterized by self-sustained largeamplitude pressure oscillations, which are produced by the interaction between unsteady heat release and acoustic waves. Such instabilities are detrimental to land-based gas turbine and aero-engines. To mitigate thermoacoustic instabilities, the coupling between unsteady heat release and pressure perturbations must somehow be interrupted. Feedback control techniques with a dynamic controller implemented can be used to achieve this. One of the most classical controllers is based on a finite-or infinite-impulse response filter, whose coefficients are optimized using least mean square algorithm (LMS). In this work we experimentally investigated and compared the performance of four LMS-based algorithms on stabilizing an unstable thermoacoustic system. Effects of the step size and filter length are studied one at a time. It is found that the filter length plays an important role in determining the convergence speed and steady error. In addition, the step size involved in the LMS algorithms is shown to be varied over a wide range. However, when the step size is small, simplified/revised LMS-based algorithms perform better than the conventional one in the absence of a feedback term. However, with the step size increased, these algorithms behave similarly. In order to improve the performance of conventional LMS-based algorithms, a time-varying step-size controller is developed and experimentally implemented. Approximately 50 dB sound reduction is achieved. The controller is also demonstrated to be able to track and prevent the onset of new limit cycle resulting from the changes of fuel flow rate. Finally, the transfer function of the thermoacoustic system is measured by injecting broad-band white noise.
Limit cycle thermoacoustic oscillations are generated by the interaction between unsteady heat release and acoustic waves [3] [4] [5] [6] [7] [8] . To mitigate such oscillations, the dynamic coupling between unsteady heat release and the acoustic perturbations must somehow be interrupted. Generally, there are two control/mitigation approaches. One is active control techniques [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . The other one is passive techniques [25] [26] [27] [28] . Passive control techniques [29] [30] [31] [32] [33] involve attaching acoustic dampers to combustion systems to increase acoustic damping effect. One of the main advantages of applying passive techniques is that the lack of 'dynamic actuators'. Once these acoustic dampers are installed, they are highly durable and low maintenance is needed. In addition, applying these dampers cannot 'destabilize' a stable combustor. However, the proper design of such dampers can be costly and time-consuming. Moreover, such dampers cannot respond to changes in operating conditions due to the lack of a control system. Due to the limited space available in engines, acoustic dampers cannot be applied to dampen low frequencies (hundreds of Hertz) thermoacoustic oscillations. All these drawbacks limit the application of passive control techniques.
Foregoing discussion reveals that the conventional passive control techniques are aimed to 'absorb' the acoustical energy without utilizing it. Recent researches [34] [35] [36] attempted to apply some energy conversion devices such as piezoelectric harvester to harness thermoacoustic oscillations. In this way, the heat-produced acoustical energy is converted into electricity [34, 35] . The energy harvesting research on the thermoacoustics recently becomes popular. Various energy harvesting approaches are proposed and implemented. For example, piezoelectric and thermoelectric generators are used on a Rijke-Zhao thermoacoustic system. The experimental results are promising. And the energy harvesting techniques have potential to be applied on a thermoacoustic system with diffusion flames [37, 38] .
Active control techniques are generally applied in closed-loop configuration (also known as feedback control). These techniques [2] involve using a dynamic actuator such as a loudspeaker, a fuel injector or an air injector to respond to a sensor's measurement [7] . One of the widely tested feedback controllers is based on a finite-(FIR) or infinite-impulse-response filter (IIR) [7] [8] . Its coefficients are optimized by using least mean square algorithm (LMS). Applying a filtered-x LMS algorithm [17] to stabilize a dump combustor was experimentally tested in 1990s by 'empirically' choosing a step size. It was shown that the LMS-based algorithm can reduce the pressure oscillations by about 15%. However, the effect of the step size on the filter performance was not investigated. Evesque & Dowling theoretically studied the LMSbased IIR filters. They improved the IIR stability by using a pole replacement method. However, to achieve low steady state error, a small constant step size was chosen empirically. Kemal & Bowan [12] then experimental investigated the effectiveness of FIR and IIR filters on stabilizing a premixed dump combustor. It was found that IIR filter is more stable and effective than FIR filter in dampening pressure fluctuations, as the filter length and step size were set to 4 and 0.0001 respectively. The selection of the filter length and step size was not justified by the authors. Furthermore, the combustion system was shown to be stabilized after the controller was actuated about 120 seconds. This time taken far exceeds the time scale (0.1s) needed for controlling combustion instability. The lack of such of experimental investigation on filter length and step size effects partially motivated the present work.
In this work, experimental investigations are conducted on a Rijke-type thermoacoustic system with a premixed flame confined, to investigate and compare LMS-based algorithms on mitigating thermoacoustic instabilities, and to study the step size and filter length effects on reducing the convergence time and residue error. The experimental setup and preliminary limit cycle measurement are described in Sect. 2. The theory of the conventional LMS-based algorithms used in the present work is reviewed and summarized in Sect. 3. The LMS-based IIR filters include a simplified one as reported by Billoud et al [14] and revised one as proposed by Eveques & Dowling [16] . The performances of these three different LMS-based algorithms are experimentally studied in Sect. 4.
Experimental Investigation of Feedback Control of Thermoacoustic Oscillations using Least Mean Square-based Algorithms
The transfer function of the actuated thermoacoustic system is measured first and the effects of the step-size and filter length are then examined. In Sect. 5, a timevarying step-size LMS algorithm is developed and implemented. Compared with the conventional LMS algorithms with a constant step size, the developed controller with a time-varying step-size is able to achieve faster convergence and lower steady state error.
PRELIMINARY EXPERIMENTAL INVESTIGATION
The Rijke tube setup [39] [40] [41] [42] is shown schematically in Fig.1 Here, a semi-infinite line technique is applied to obtain thermal insulation without distortion from acoustic reflections. The mean flow speed in the combustor is neglected, since it is much smaller than the sound speed. The control algorithms are implemented in LabVIEW, with a data logging system consisting of a NI PXIe-1062Q chassis with a PXIe-796 1R card.
With the loudspeaker not actuated, the temperature contour is measured as shown in Fig. 1(b) . The hottest region corresponds to the acoustically-compact flame. Fig. 2 (a) and (b) illustrate the phase diagram of the measured combustion excited oscillation and the frequency spectrum of the pressure fluctuations. The circleshaped phase diagram as shown in Fig. 2 (a) reveals that limit cycle oscillations are present in the combustion system. Fig. 2 (b) shows that the sound pressure level can reach about 139 dB. The dominant mode in Rijke tube is at around 251 Hz and it's 1st harmonic is at around 499 Hz. These preliminary tests indicate the nonlinearity of the thermoacoustic system.
DESCRIPTION OF LMS-BASED CONTROL STRATEGY
The microphone `senses' the condition of the combustion in real-time. This information is used by the LMS-based algorithms to determine a proper actuation signal, which is fed into the loudspeaker. The loudspeaker `perturbs' the state of the thermoacoustic system in a way that damps the instability or prevents the onset of new limit cycle [44] [45] [46] [47] [48] . The LMS-based algorithms are described below. 
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Revision of conventional constant step-size LMS algorithms
Generally, the output signal from the LMS-based IIR filter is a linear combination of previous inputs and outputs, as
where y k is the output at time step k and the input and output vectors are
respectively. M is typically chosen to be the same as N.
are the weight vectors corresponding to X k and Y k respectively. If B k is set to zero, then y k describes a LMS-based FIR filter. Let's first examine how the FIR filter adapts to optimize the output and minimize the error signal as defined as e k = d k -A T k X k . Here d k is the reference signal input to the filter. The cost function (also known as mean square error) to be minimized is defined to be expectation of the square of the error signal as (2)
As shown in Eq. (2), MSE(mean square error) is a quadratic function of A. The minimum of MSE can be determined by first obtaining the gradient of the performance surface, and setting the gradient to be zero as
The optimal value A* can be found as A*=Q -1 P. The optimal value is also known as the Wiener filter solution. In practice, A* cannot be found in a one-step process and so an iterative method is needed.
The method of minimizing the error function is generally the steepest descent technique, which gives the updating law for the weights as (4) where m is the step size (also known as convergence constant). Generally, m is empirically chosen and remains unvaried. Since it regulates the change rate of the weight vector, a small positive m is preferred to avoid divergence of updating weight vector. This iteration technique takes multiple steps along the performance surface. Since ∇e is typically not available in practice, Widrow [18] proposed to approximate ∇e by (5) Eq. (4) can be rewritten as
If A * k is the optimum filter weights, then the weight error vector is W k = A k -A * k . It is easier to show that W k is updated by following
Taking the expectation of both sides of Eq.(7) leads to
Further simplification leads to (9)
A sufficient condition for the convergence of the mean weight vector is (10)
where l max {Q} is the maximum eigenvalue for the input auto-correlation of matrix Q = X k X T k . In addition, the maximum convergence speed can be achieved when m opt =2/(l max +l min ).
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Previous works [16] [17] [18] [19] suggested that IIR filter should be used to stabilize a thermoacoustic system, since a feedback term (accounting for the outputs of the filter) was included. For such IIR filter, the error signal can be shown as 
Neglecting the cross-correlation terms leads to the implementation of the algorithms easier. However, this assumption is not mathematically justified. In addition, the MSE gradient has been shown [9, 11, 12] as:
and (12) The error signal, e k = d k -y k in the analysis of thermoacoustic oscillations, actually consists of two non-stationary components, since the reference signal d k is also changed by the controller output [49] [50] [51] [52] [53] [54] [55] . However, Ref.
[11] reported that the partial derivatives of d k component are vanishingly small. Thus the partial derivatives with respect to a and b are defined and evaluated as
The derivatives are approximated because the weights at time step k are not the same as those at k-p. Thus the coefficients are updated [11] as (14) where a i,k and b j,k are given in Eq. (13).
LMS-based algorithm with a time-varying step size
The previous analysis reveals that the step-size plays an important role in determining the steady state error and the convergence speed. Conventional LMSbased algorithms assume that the step size remains unchanged and it is empirically chosen to be very small. To enhance the performance of the conventional LMSbased algorithms, a time-varying step-size is proposed as (15) where g is a small positive constant. The second term in Eq. (15) governs the relative change of the step size. ||e k -e k-1 ||denotes the amplitude difference of the estimation error between the desired response d(k) and the output signal y(k), which is normalized with the mean pressure p 0 =121325 Pa.
It is worth noting that the FIR filter is easier to be applied and is more reliable than IIR filters, due to its inherent instability. In order to evaluate and compare the performance of the above 3 conventional constant step-size LMS algorithms with that of a LMS-based algorithm with a time-varying step-size, parametric experiments are conducted.
Experimental Investigation of Feedback Control of Thermoacoustic Oscillations using Least Mean Square-based Algorithms
EXPERIMENTAL INVESTIGATIONS
The foregoing analysis reveals that the filter length and the step size play important roles in determining the performance of the LMS-based control algorithms on stabilizing thermoacoustic systems. Their effects are studied on the Rijke tube one at a time, while other parameters remain constant. It is worth noting that in our experiment, the output of the LMS-based algorithms does not interfere immediately or directly with the heat source, i.e. the premixed flame. The interference occurs after an 'auxiliary' path, which involve the loudspeaker actuation and the process of the pressure wave generation and propagation through the Rijke tube. Since the 'auxiliary' path is associated with a phase delay, its information must be taken into account by the controller. Neglecting the phase delay can result in control failure. The path information can be obtained by 'offline' identification [10] or with 'online secondary path identification' procedure [43] . In this work, off-line identification is performed to estimate the path information between the loudspeaker output and the microphone, as shown in Fig. 4 . Here a broad-band white noise is injected to the thermoacoustic system. The transfer function is measured by conducting Fourier transforms to the white noise and the pressure reading. Fig. 4 (a) and (b) show the gain and phase of the measured transfer function. It can be seen that the mode at about 250 Hz is unstable, since the phase is increased by 180 o . However, the modes at harmonic frequencies are stable due to the fact that the phase is decreased by 180 o . In addition, the total time delay in our experimental configuration can be obtained from the average slope of the phase. And it is found to be generally approximately 1 to 2 ms.
Effect of the step size m
Let's first consider the effect of the step size m. Fig. 5 shows the time evolution of the pressure fluctuations as the step size is set to 4 different values. The performances of the conventional FIR, simplified IIR [17] and revised IIR [19] are compared and plotted in the same graphs. The corresponding output from the loudspeaker is shown in the right column graphs. It can be seen that the convergence speed is increased and the combustion-excited pressure oscillations are reduced quickly and dramatically. This indicates that with the step size properly chosen, the FIR filter is able to quickly minimize combustion-exited oscillations. Note that the filter length is set to N=10 in the experimental tests. Compared with conventional FIR, the simplified and revised IIR filters performances are improved with increased step size. However, the revised IIR filter works slightly better than that of simplified one in terms of the convergence time and pressure amplitude reduction. This is confirmed by conducting timefrequency analysis of the pressure fluctuations as shown in Fig. 6 . The performances of these filters are improved, as the step size m is increased. However, when m is small, the revised LMS algorithm performs much better than the FIR and simplified IIR filter. However, as m is increased to m=6.0e-5, the FIR filter works better than that of m=2.0e-6 but slightly worse than that of the revised IIR filter.
Effect of the filter length N
Now let's consider the effect of the filter length N. Fig. 7 shows the performance of the revised LMS algorithm on damping the thermoacoustic oscillations as the filter length is set to 3 different values. It can be seen from Fig. 7(a) limit cycle oscillations decay as the actuator is actuated as shown in the phase diagram between pressure fluctuation and its gradient. With the filter length increased, the limit cycle oscillation decay more and more rapidly. The corresponding loudspeaker output signal is shown in Fig. 7(b) . Fig. 7 indicates that with more measured samples used, the LMS algorithm performs better on damping thermoacoustic oscillations. However, the computational cost is dramatically increased. There might be a compromise between the filter length and the acceptable computational cost.
Performance of LMS algorithm with a time-varying step-size
The performance of the LMS algorithm with a time-varying step size is experimentally investigated and shown in Fig.8 . When the loudspeaker is not actuated, a limit cycle is generated as t<0.5 s, as shown in Fig. 8(a) . However, as the actuator is actuated at t=0.5 s, the step size m is increased and finally 'saturated' as shown in Fig. 8(c) , the limit cycle oscillations are quickly dampened. The pressure amplitude is reduced dramatically as shown in Fig. 8(d) . The corresponding loudspeaker output signal is shown in Fig. 8(b) . The damping effect of the active control approach is shown in Fig. 8(e ). It can be seen that with the loudspeaker actuated, approximately 50 dB sound pressure level reduction is achieved for the dominant mode. The harmonic peaks are also eliminated. This indicates the potential of applying the control approach to mitigate thermoacoustic oscillations.
One of the main attractive features of the feedback control scheme is that it can track the operating conditions change and is able to achieve control at some offdesign conditions. In order to evaluate the off-design performance of the control scheme, the LPG gas flow rate is suddenly increased at t=5.8 s. This modification can cause the frequency of the unstable modes to vary. The time domain response of the pressure measurement is recorded to illustrate the performance of the control strategy as shown in Fig. 8(a) . The corresponding controller output is shown in Fig. 8(b) . And the step-size variation is shown in Fig. 8(c) . It can be seen that the revised LMS-based control strategy is able to prevent the onset of new limit cycle, even when the fuel flow rate is slightly increased.
DISCUSSION AND CONCLUSIONS
We experimentally demonstrate the application of 4 different LMS-based algorithms on mitigating thermoacoustic oscillations in an unstable Rijke-type combustor. 3 conventional LMS-based control algorithms with a constant step size are tested first to sudy the effects of the filter length and the step size. These algorithms include a FIR, simplfied IIR and revised IIR filter. The preliminary measurements reveal that there is a wide range for step size to be varied. Such wide range means that it is challening to empirically choose a proper step size to achieve both faster convergence and lower steady error. In addition, the convergence speed and the steady error is found to be improved, as the filter length is increased. However, increased filter length means that the controller is associated with higher compuational cost. In order to achieve faster convergence and lower steady error, a revised LMS-based algorithm with a time-varying step size is developed and experimentally applied on the Rijke-type combustor. It is found that the sound pressure level in the Rijke tube is reduced by approximately 50 dB. Further tests are conducted to evaluate its performance at some off-design conditions. It is shown that the algorithm can not only stabilize the combustion system by damping thermoacoustic oscillations but also prevent the onset of a new limit cycle resulting form the slight increase of fule flow rate.
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